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We determine all distance-transitive directed graphs of odd girth. Related results, 
under various group-theoretic hypotheses, are obtained in the course of the proof. 
1. INTRODUCTION 
A digraph F is said to be distance-transitive if for each i = 1, 2 ..... Aut(F) 
is transitive on (ordered) pairs of vertices (x, y) with d(x, y )= i (where 
d(x, y) is the length of a shortest directed path form x to y). This definition 
was introduced by Lain [6]. Damerell [2] proved that if a distance-transitive 
digraph (DTD) F has girth g ~> 3 and diameter d, then either d = g (in which 
case F is called a long DTD)  or d = g - 1 (and F is called a short DTD). 
He showed, moreover, that any long DTD of girth g/> 3 is obtainable from a 
short DTD of girth g and vice versa. This allows us to restrict out attention 
to short DTDs. 
Kantor [5] showed that the short DTDs of girth 3 are precisely the Paley 
tournaments. Of course for any g, the directed g-cycle is a (short) DTD, but 
it seems likely that there are no other DTDs of girth larger than 3. In the 
present note we are able to prove this nonexistence under various additional 
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hypotheses, and in particular to show that the only short DTDs of odd girth 
at least 5 are the directed cycles. 
2. RESULTS 
Throughout we will take F to be a (finite) short DTD and G a distance- 
transitive group of automorphisms of F. We denote by V--  V(F) the vertex 
set of F, and by (a,b) an edge from a to b (a,b E V). For xE  V and iE  2~ 
we define 
Fi(x ) = {y E V: d(x, y) = i(mod g)}. 
We observe that (by distance transitivity and the fact that F is short) 
y E Fi(x ) iff x E Fg_i(y ). 
LEMMA 1. g=-IGI (mod2). 
Proof. If x E V then for each i, Fi(x ) and Fg_i(x ) are paired suborbits of 
G x (in the sense of [7, p. 45]). The lemma then follows from Theorem 16.5 
of [7]. 
Let q be a prime power, k a divisor of q -- 1, and K the subgroup of order 
k in GF(q) • Denote by F(q, k) the digraph with vertex set GF(q) and edge 
set {(a, b): b - a E K}. 
LEMMA 2. The girth of F(q, k) is at most 1 + (q - 1)/k. 
Proof. If c denotes the number of vertices in a shortest path from K to 
-K ,  then g -- c + 1. But such a path meets any coset of K at most once, so 
that c <~ (q -  1)/k. 
LEMMA 3. If G contains a regular, normal elementary-abelian subgroup, 
then F is a directed cycle or a Paley tournament. 
Proof. Let H be the hypothesized subgroup. If H ~ Z~, then V may be 
regarded as an m-dimensional vector space over GF(p), with H the group of 
translations (v -~ v + w) and G O <~ GL(m, p) (the group of linear transfor- 
mations of V): see [7, Theorem 11.2]. 
Let T := GF(p) • act on V by (right) multiplication. Then T centralizes 
G 0, hence permutes the G0-orbits among themselves. Let K be the stabilizer 
of /'1(0) in T, and k=lK  I. Then g- - l>/ [T :K]=(p-1) /k .  But if 
v E F~(0), then the subgraph induced on the subspace spanned by v is 
isomorphic to F(p, k), which by Lemma 2 implies g ~ (p - 1)/k + 1. Thus 
g = (p -  1)/k + 1 and T is transitive on the G0-orbits (other than {0}). 
If g is even, then either p or k must be even. But if either of these is even 
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then -1  E K and g= 2. We therefore assume that g is odd, and give two 
different ways of completing the proof from this point. 
First argument. The main result of [1] shows that, if k' ~ 1,  89  1) or 
(q - 1), and x is a vertex of the graph F(q, k') other than 0, then r(x) neets 
at least three distinct sets F;(0). It follows as in Lemma 2 that / ' (q ,  k ' )  has 
girth (q -  1)/k' + 1 only if k' = I, l (q_  1) or q -  1. I f  g= 3 then /" is a 
Paley tournament, so we may assume g > 3. Then, considering F(p, k) as 
before, we have k= 1, so each I-dimensional subspace meets each orbit 
/ ' i (0 )  exactly once. Also, I/'1(0)1 = (pro 1) / (p -  1) is odd, so m is odd. 
G is solvable by Lemma 1 and [3[. GT is doubly transitive and still 
solvable. Now Huppert's classification of such groups [4] shows that V can 
be identified with GF(p m) so that G o consists of semilinear transformations 
of the form a: x ~ ax pd. (The other groups in Huppert's list have m even.) 
Suppose, without loss of generality, that 1 E FI(0). Let K be the subgroup 
of order l = (pro _ 1)/(p - 1) in GF(pm) • (the set of solutions of x l=  1). 
Choose any aEFI(O ), and let aEG o map 1 to a. Suppose a: x~--~ ax #, 
1 <.d<~m. Put (d,m)=c, m=ce. Then a e maps x to a~l~e-~)/~-l)x~e= 
a(p~e-l)/(PC-1)X, since XPm=X for all x. So a e(pc-x)/(p-1) maps 1 to a t. We 
have ate GF(p)~F~(O)= {1}, so a E K. 
Since [K I = l = ]Fl(0)l we have K = Fl(0 ), and F= f (p  m, l), contradicting 
[1] unless l=  m = 1. 
Second argument. Since T is transitive on Go-orbits other than {0}, there 
is a constant b with [Fi(0)[ = b, 1 ~< i ~< g - I. By distance transitivity, there 
is a constant e such that Irl(x)n/',(o)l =c=lr,_,(x)r~r,(O)l for every 
x E F~(0). (Notice that the number of edges in Fa(0) is given by  both 
lr (x)nr,(o)l and X~r,,o,  Ir,_l(X)C~F,(O)l.) By [5] we may 
assume g ~ 3, and we have already shown that g must be odd, so we may 
assume g/> 
Case 1. c > 0. Since at most one of (y, z), (z, y) is an edge (y, z E V), 
there is some yEF~(x)~FI(O ) for which [FI(y)OF~(x)~F~(O)I<<, 
(c -  1)/2. Since IF~(y)nF~(O)I = c, we have 
Ir2(x) n F~(O)I >1 Ir,(y) n F2(x) n_r,(o)[ >/ 
c+ l  
2 
By a similar argument IFg_2(x)~Fl(O)l >/(c+ I)/2. Thus g>/5  implies 
b= IF,(O)l >/1 + Ir,(x)nr,(o)l  + Ir~(x) n r l (o ) l  
+ Irg_ (x) n r,(o)l + Irg_,(x) n rl(o)l 
> 3c. 
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On the other hand, if x, y E F~(0), and y E F~(x), then 
b -- Ir2(0)l >/ Ir , (x)  ~ r2(0)l + IFl(y) ~ r2(0)l - Ir ,(x) n F l (y  ) N r2(o)l 
>12(b - c) - I r , (x )n  r l (y) l  
= 2b -- 3c. 
Thus 3c < b ~< 3c, a contradiction. 
Case2. c=0.  We prove by induction on iE{1 ,2  ..... g - -2} ,  that if 
x E F~.(O) and y E Fi+ l(O), then 
F(i): FI(x) = l"i+ 1(0), 
B(i): r~_ , (y )  = r,(o). 
Notice that F(1) holds since Fl(X) ~_ F2(0) (since e = 0), and IFl(X)[ = IF2(0)I. 
B(1) then follows from 1"~_l(y)~_Fl(O ) (by F(1)) and IF~_l(y)l = Ir~(0)l. 
For i~>2, we have Fl(X)nFt(O)=O (by B(i--1)), and F~(x)~Fj(O)=O 
for 1 ~< j ~< i -  1, because otherwise we would have a cycle of length <g (by 
F(j), F ( j+ 1) ..... F(i--1)). The arguments for F(1) and B(1) above then 
prove F(i) and B(i). But now for x E Fg_l(O), we may apply B(g-  1), F(1), 
F(2),..., F(g-- 2) to show (as above) that F~(x) = {0}, that is, that F is a 
directed cycle. 
Finally we prove 
THEOREM. If G is solvable, then F is a directed cycle or a Paley tour- 
nament. 
An immediate consequence (via Lemma 1 and [3]) is 
COROLLARY. I f  g is odd, then F is a directed cycle or a Paley tour- 
nament. 
Proof of the theorem. Suppose that F is a counterexample with smallest 
possible number of vertices. By Lemma 3 and [7, Theorem 11.5], it follows 
that G is imprimitive. 
Suppose, then, that B is a block of imprimitivity. Choose x E B and let 1 = 
min{d(x, y): y E B, y vex}. By distance-transitivity Ft(x ) c B, and in fact 
induction on m shows that Fmt(X ) ___ B, m = 1, 2 ..... It follows that l [ g and 
that y E B iff 11 d(x, y). Vertex transitivity then implies that two (arbitrary) 
vertices v and w are in the same block iff l[d(v, w). In particular a block 
which meets Fi(z ) meets Fi+mt(Z ) m = 1, 2 ..... On the other hand suppose 
that B' is a block (a translate of B) which meets both Fi(z ) and Fj(z) with 
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0 ~< i < j < l. (Say B' contains w E Fi(z). ) Then B' must, by the preceding 
remark, contain some y E Fg_t+~(z ). But then 
O < d(y, w) <~ d(y,z)  + (z, w)= l - j  + i < l, 
which is impossible. This shows that a block which meets Fi(x ) also meets 
Fj(x) iff i --- j (rood l). 
We now define two new digraphs F' and F". For / - '  we take vertex set B, 
and define distance by d'(x, y)= (1/l)d(x, y) (for x, y E B). I f  Gn is the 
setwise stabilizer of B, then the constituent G~ (see [7, p. 4]) is a solvable, 
distance-transitive subgroup of Aut(F'). By the minimality of F, f '  must be a 
cycle or a Paley tournament, or (if /=  g/2) a complete directed graph. 
For the vertices o fF"  we take the translates of B under G, B 2 EF'~'(B~) iff 
there exist xl ~B~,  x 2 EB  2 with x 2 EF~(x~). Let x~, x2, B~, B 2 be as just 
described, and y E B 2. Then y E Fret + ~(x~) for some m. There is thus some 
z E Fml(x ) (~_B~) with y E F~(z). Similarly, if y E B~, then there is some 
z E B 2 ~F~(y).  It follows that distances in F" are given by 
d"(B,, B2) -- min{d(xl, x2): xa E B 1 , x2 E Bz}, 
and that the image of G under the natural homomorphism from G to the set 
of permutations of translates of B is a (solvable) distance-transitive group of 
automorphisms of F". By the minimality of F, F" is a cycle, a Paley tour- 
nament, or a complete directed graph. 
For B E C F"(B~) and x E B 1, let b = IFI (x)  (-3B21. (This does not depend 
on x.) Now let x I EB  1, x 2 CB 2, XEEFl(xl), and BaEF'[(B1)~F'I'(B2). 
Then for each x s E B 3 A Fl(x2) (there are b of these), we have d(xx, x3) ~< 2 
and d(x l ,x3) -1  (modl), so that d(x~,x3)= 1. That is, B3~F~(x~)= 
B3("l/'l(x2). Thus if F~'(B1) contains a cycle of length h, say B 2 ..... Bn+~, 
and if x lEB  1, then any choice of x 2 ..... xh+ a with x iEB i~F l (x~)  
i---- 2, 3 ..... h + 1 is an h-cycle in /', so that g~< h. But in any Paley tour- 
nament A on more than three vertices, d(0) contains a 3-cycle, while in any 
complete directed graph A on more than two vertices, A(0) contains a 2- 
cycle. So F" must be a cycle. In particular the stabilizer (in G) of a block 
fixes all blocks. 
If F' is a cycle, then so is F, so we may assume that F' is a Paley tour- 
nament or complete digraph (i.e., g/ l= 2 or 3). If B 1 is a block with 
d"(B,B~)=i,  and xEB,  then G x has g/l orbits on B 1 (namely, Fa+ i, 
t = 0 ..... g / l -  1). We have [G nl : (Gx) B~] = [G : K~ Gx], where K~ denotes the 
kernel of the action of G on B~, and so [G nl : (Gx) ~1] divides [G : Gx] = IBll. 
But H s' is a solable 2-homogeneous group and hence one of the groups 
determined in [4] and [5]. By inspection, we conclude that the only 
subgroups of G sl of index dividing [BI[ having g/l orbits on B~ are the point 
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stabilizers. Thus IFi(x)l = 1 for some i, which is easi ly seen to imply that F is 
a cycle. The same contradict ion is obtained when F '  is a complete directed 
graph. This completes the proof. 
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